We describe conditions assuring that the Kerr-Schild type solutions of Einstein equations with pure radiation fields are asymptotically flat at future null infinity. Such metrics cannot describe "true" gravitational radiation from bounded sources-it is shown that the Bondi news function vanishes identically. We obtain formulae for the total energy and angular momentum at I + . As an example we consider non-stationary generalization of the Kerr metric given by Vaidya and Patel. Angular momentum and total energy are expressed in closed form as functions of retarded time.
Introduction
Metrics of the form
where η is a Minkowski metric, κ is a null form and h is a function, were first studied by Trautman [1] . The main motivation for this research was to describe the propagation of information by gravitational waves. Kerr and Schild [2] reduced the Einstein field equations and gave some explicit solutions, in particular the well known Kerr metric. Later, Gürses and Gürsey [3] have simplified the field equations to a single linear equation. Recently, Kerr-Schild Ansatz and its modifications has been examined in [4, 5] , in particular, a systematic study in an arbitrary number of dimensions has been performed. Metrics (1) satisfying the Einstein equations with a cosmological constant have been examined in [6] . The Kerr-Schild fields turned out to be useful also in more exotic applications, such as to describe an accelerating dyon [7] .
In this paper our interest is focused on finding physical properties of the Kerr-Schild solutions of Einstein equations with pure radiation fields,
In this case the metricg is algebraically special, k =g −1 (κ) being the degenerate eigenvector of the Weyl tensor [2] . In order to obtain formulae for the total energy and angular momentum, we assume that the metric is asymptotically flat at I + in sense of [8] and we find its approximate BondiSachs form. It turns out that none of the Kerr-Schild metrics describes "true" gravitational radiation-the Bondi news function always vanishes. The energy or angular momentum loss can be nonzero only due to nonzero value of Φ in (2) . This result generalizes that of Cornish and Micklewright [9] who examined the energy-momentum pseudotensor of the twist-free "photon rocket" solutions [10] and proved that the source energy loss can be nonzero only due to the presence of the null field radiated by the "rocket". Kramer and von der Gönna [11] proved the same property of Kinnersley's metrics using approximate Bondi-Sachs coordinates. Their result states that the "photon rockets" are the only axisymmetric Robinson-Trautman metrics without gravitational radiation.
As an example we consider "radiating Kerr" metric of Vaidya and Patel [12] . Kramer and von der Gönna [13] have considered the same metric using other coordinate system (the "radiating Kerr" solution has been published also by Kramer in 1972 [14] , few months before the publication of [12] .) In our considerations we use the coordinates from [12] which happen to coincide with some Bondi coordinates on scri. Our approach to angular momentum seems to be more general than that in [13] where the authors made use of the axial symmetry of the metric, obtaining L out of the Komar integral. In contrary to [13] we give the explicit formula for energy.
We use the same definition of asymptotic flatness at I + as in [8] and [15] . The notation aims to be as close as possible to that of [15] . The Penrose conformal factor is denoted by Ω, an equality on I + is denoted by= . Indices A, B of tensors on the sphere S 2 are raised or lowered by means of minus the standard metric s AB on S 2 .
If a spacetime with metricg is asymptotically flat at I + there exists a set of preferred coordinates (u ′ , r ′ , x ′A ) A=2,3 (the Bondi-Sachs coordinates) such that [16] 
The metric components have the following expansions in the negative powers of r ′ :
where
Coordinates u ′ and r ′ are interpreted as a retarded time and the luminosity distance, respectively. The function M ′ is referred to as the Bondi mass aspect. The u-derivative of the tensor n AB corresponds to the Bondi news function and the form κ A (the angular momentum aspect) is used in all definitions of angular momentum at future null infinity.
Total energy-momentum vector and total angular momentum tensor can be expressed as integrals over S 2 of expressions built out of M ′ , ψ A , n AB and κ A . To define the energy it is sufficient to know the modified Bondi mass aspectM defined bŷ
(see e.g. [8, 17] .) The Bondi energy-momentum corresponding to a u ′ = const section of I + is given by
where l = (1,r) andr represents a point of S 2 in R 3 . Assume that the following approximate Einstein equations hold on scri:
where q is a function independent of Ω. One of the field equations (8) at
00 .
Integrating both sides of (9) over S 2 one obtains Bondi's energy loss formula with a linear combination of terms describing the loss of energy caused by gravitational radiation and radiation of matter, respectively.
Definition of total angular momentum tensor at instant u ′ [15] reads
whereκ
(preferably p = 1.) This formula corresponds to standard spinor definitions of angular momentum at I + (see [18] and references therein.) The procedure of findingM and κ A is described in detail in [8] and [15] .
Basic properties of the Kerr-Schild metrics
The Kerr-Schild metrics are closely related to shear-free null geodesic congruences in Minkowski spacetime [2] . One can rewrite the Minkowski metric η = 2du
and Y is a complex function of four variables. The Kerr theorem states that in the analytic case the vector field corresponding to κ is tangent to a shear-free null geodesic congruence if and only if Y satisfies the equation
F being some holomorphic function of three variables. Introducing new coordinates
and defining
one obtains
Adding the term 2hκ 2 to the flat metric leads to the Kerr-Schild metric,
Note that from (14) and (16) it follows that
3 Asymptotic flatness of the Kerr-Schild metrics
In [15] we have formulated conditions assuring that the twisting algebraically special metric satisfying (2) is asymptotically flat at I + . These metrics are expressed in terms of the coordinates (u, r, ξ,ξ):
where κ = du + Ldξ +Ldξ,
P , m and L are two real and one complex function of variables u, ξ,ξ. ∂ is defined by (20) . The field equations (2) reduce to [19] 
and
There is an additional equation for vacuum metrics,
We assume ξ to be a complex stereographic coordinate on S 2 . Metrics (23)-(24) are asymptotically flat at future null infinity provided the form κ, and the functions m,P := (1 + 1 2 ξξ) −1 P and M are regular on R × S 2 [15] . The Penrose conformal factor is
In [15] we gave explicit formulae for the modified mass aspect, Bondi news and angular momentum aspect for metrics given by (23)-(24). These quantities correspond to approximate Bondi coordinates given by
whereû = P du and η can be found explicitly usingû [8] .
It is convenient to introduce the potential V for the function P [19, 20] , so that
Equation (27) is equivalent tô
For algebraically special solutions (23)-(24) the potential V (30) is
Note thatP −1 ∂ u is an approximation of the derivative with respect to the Bondi time u ′ =û + O(Ω). One can express the tensors n AB andṅ AB (see [8, 15] ) in terms of V obtaining
Now one can interpret the real part of (31) as the quasi-local mass loss formula for the twisting algebraically special metrics and expressM in terms of V in the following way:
The imaginary part of (27) defines the NUT parameter M :
Condition (8) is satisfied by all algebraically special metrics for which (2) holds. The angular momentum aspect is given by
Bondi mass and angular momentum
It follows from (21) that one can obtain the Kerr-Schild metric as a special case of algebraically special metric subject to the gauge condition P = 1 (we identify v + Re(∂L) with r.) Although this gauge is singular from the point of view of asymptotic flatness, it is convenient to stick to it while calculating the Bondi mass aspect. In this case the potential V is just u which implies that the second term in the l.h.s. of (31) vanishes by virtue of (22):
From (36) and (38) we see that the NUT parameter M vanishes. At this point it is worth to note that the latter condition combined with Einstein equations restricts the possible congruences (18) . One is left with a complex equation (26) for real m and (27) (with modified r.h.s. in the non-vacuum case). Vanishing M enables one to integrate (26) using the commutation relation [∂,∂] = −iσ∂ u obtaining
where f is a function independent of u [19, 21] .
From (22) and (34) we conclude that both tensors n AB andṅ AB vanish. This implies that the Bondi news function is zero which is also true in the regular gaugeP = 1 (condition I = 0 is invariant under all BMS transformations.) This is a direct proof of absence of the "true" gravitational radiation in the Kerr-Schild spacetimes. The change of gravitational energy or angular momentum can be caused only by radiation of matter (e.g. by nonvanishing Φ in (2) .)
To use the formulae (31) and (37) in regular gaugeP = 1 we introduce new coordinates:
(ξ remains unchanged). This transformation does not change I. Assume that m and κ are regular. The Bondi mass is simplŷ
Expression for the angular momentum aspect is also simple due to n AB = 0:
The field generating null fibres of I + is given by [15] v =P
so the gaugeP = 1 allows us to choose U as an approximate retarded time.
The approximate Bondi-Sachs coordinates are given by
where R = v + Re ∂L. We can now construct the total energy-momentum and angular momentum at I + :
and dσ = i(1 + 1 2 ξξ) −2 dξ ∧ dξ.
Example: "radiating Kerr" metric
In this section we apply our results to the non-stationary generalization of the Kerr solution given in the Kerr-Schild form by Vaidya and Patel in [12] , and published earlier by Kramer [14] . Contrary to the observation in [12] , the metric is of Petrov type II and not type D. As shown in [22] , rotating spacetimes of type D with pure radiation do not exist.
Following [12] we express the metric in terms of the Kerr-Schild coordinates defined by
(47)
The metric takes the following form:
with
Here m, a and b are constants and
is the form corresponding to the null geodesic congruence. Note that the metric (48) rewritten in terms of coordinates (u, r, θ, φ) is axisymmetric and in the limit b → 0 one obtains the Kerr metric in the Kerr-Schild form.
Observe that Ω = r −1 can be chosen as the Penrose conformal factor. This means thatP = 1, so we choose u to be an approximate Bondi time. For u > b/4 − a 2 /b the function U is well defined for all θ ∈ [0, π[. Regularity of the unphysical metric Ω 2g in the neighbourhood of I + is obvious. From these observations we conclude that the "radiating Kerr" metric is asymptotically flat at a piece of I + . The function U satifies the equations
(equations (3.4) and (3.3) in [12] .) The first is the mass loss formula (9) withṅ AB put equal to zero. The second is equivalent to (26) expressed in terms of u, θ and φ, with vanishing NUT parameter. Rewriting (50) in terms of u, θ and φ we get
Next, calculating
we find from (24) that Σ = aU cos θ. This shows, in agreement with (51) and (39) that mU −3 plays a role of m in (24).
Modified Bondi mass aspect and total energy
Using formula (41) we get the following expression for the Bondi mass:
Averaging both sides of (54) over S 2 gives the total energy:
It is obvious that E is a decreasing function of u and that lim u→∞ E(u) = 0 in agreement with the fact that in this limit the metric becomes flat. It is easy to check using (45) and (54) that the spatial part of the energymomentum four-vector vanishes. It follows from (49) and (55) that E(u) is well defined if U is well defined.
Angular momentum
The spherical coordinates θ and φ define the stereographic coordinate used in (23):
The function L can be found as a coefficient in the decomposition
The result is
Now the formula (42) applied to "radiating Kerr" metric gives, after returning to the spherical coordinates, the following expression for angular momentum aspect:
Denoting (θ, φ) by (x 2 , x 3 ) we obtain the "tensorial" part of the integrand in (10) in the following form:
A + + terms proportional to cos φ or sin φ.
(60)
Integrating the terms containing sin φ or cos φ over S 2 with some axisymmetric function gives zero. The same holds for the first term in (60). Inserting (59) and (60) into (10) yields the following form of the angular momentum tensor:
The only nonvanishing component is L 12 . Formula (61) can be expanded in the powers of b around b = 0:
Note that, as expected, lim b→0 L µν = L µν Kerr and lim a→0 L µν = 0. Similarly to E(u), L µν (u) is well defined if U is well defined. Differentiating κ φ from (59) with respect to u we obtain some negative function, hence L µν is a decreasing function of u. As in the case of total energy, all angular momentum is radiated away by pure radiation so that lim u→∞ L µν (u) = 0.
Conclusions
In this paper we discussed the Kerr-Schild metrics from the point of view of asymptotic flatness at future null infinity. We found the approximate Bondi-Sachs coordinates as well as formulae expressing total energy-momentum and angular momentum at I + . Bondi mass and angular momentum aspect are simple functions of the metric components. Our "negative" result shows that the Kerr-Schild metrics cannot be used to construct realistic models of gravitationally radiating systems. We gave an example of calculation of the total energy and angular momentum for exact KerrSchild solution presented by Vaidya and Patel. Our results cannot be directly compared with those obtained by Kramer and von der Gönna [13] because of other sections of I + on which the mass and angular momentum integrals have calculated. The difference is caused by other definition of retarded time. The transformation between retarded time used here and that used in [13] is a supertranslation.
